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Abstract 

Purpose: In this paper, we derive multistep numerical methods for third order linear Fredholm 

integro-differential equation using Vieta-Pell-Lucas polynomial as approximating function.  

Methodology: These new method is  implemented by embedding it with Trapezoidal, Booles and 

Simpson 1/3 numerical methods. The derivation led to a block of twenty-four discrete schemes 

which simultaneously solves the third order linear integro-differential equation. The qualitative 

properties of the schemes have been investigated.  

Findings: The analysis of the method reveals that the proposed method is of order seven and the 

method is found to be consistent and stable, hence convergent.  

Unique contributor to theory, policy and practice: Numerical experiments have been performed 

on some selected problems and the results show that the proposed method perform creditably well 

when compared with the exact solution of the selected examples.  

Keywords: Booles, Fredholm , Integrodifferential equation, Simpson, Trapezoidal, Vieta-Pell-

Lucas. 
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1.0 Introduction 

Numerical analysis has been an active and dominant branch of applied Mathematics for a long time 

with differential and Integral equations at the heart of this field of study. Integral equation (IE) is 

one of the vital tools for modelling real problems in various areas of applied mathematics and 

Engineering. 

According to [1], Integral Equations occur naturally in many fields of Sciences and Engineering 

such as Mechanics, potential theory, Geophysics, Communication theory, Hereditary phenomena 

in Physics and Biology, Mathematical economics, Queuing theory, Medicine, Acoustics fluid 

mechanics, among others. 

Some numerical methods have been developed to solve different types of Integro-differential 

equations in the past, such methods include: Adomian decomposition method [2], Compact finite 

difference method [3], Standard integral collocation approximation method [4], Quadrature-

difference method [5,6]. Approximate method proposed in [9], Implicit Runge-Kutta method [10] 

and linear multistep methods [11] to mention few. Other methods reviewed are [7], in which 

numerical methods for second order Volterra integro-differential equation was presented using 

shifted Legendre polynomial with trapezoidal rule. In [8], efficiency of Simpson’s 1/3 and 

Simpson’s 3/8 rules was compared for first order Volterra integrodifferential equations using 

shifted Legendre polynomials as basis function while [20] proposed a Discrete Adomian 

Decomposition method with Trapezoidal and Simpson’s rules for solving Integro-Differential 

equation. 

All the methods reviewed proved to be efficient and suitable in their respective areas of application 

as provided by the result but not much have been done so far on the application of these methods 

to third order Fredholm Integrodifferential Equation (FIDEs). 

In this paper, we discuss a special  numerical method for solving third order Fredholm 

integrodifferential equation of the form: 

 




 2,1,0,)(,)(),()()( jbaydttytxxfxy j

j   (1.0) 

Interpolation and collocation method is adapted for solving the differential part while the integral 

part is approximated by using Trapezoidal, Booles and Simpson’s 1/3 quadrature formulae 

respectively. 

2.0 Methodology 

Many numerical analysts have engaged themselves with derivation of numerical methods for 𝑛th 

order initial value problems for ordinary equations such as standard finite difference method in [12], 

non-standard finite difference method [13] and linear multistep method [14,15] etc. 

A numerical method is presented for third order Linear Fredholm Integro-differential Equation 

(LFIDE) of the form (1.0) using approximating function of Vieta-Pell-Lucas Polynomials of the 

form 
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Where sai ' are real undetermined coefficients and sxsi )'( are parameters of Vieta-Pell-Lucas given 

by recurrence formula )()(2)( 21 xSxxSxS iii   ,where 2i , 2)(0 xS and 9,2)(1  kxxS . 

2.1 Derivation of the Method 

The method is derived by interpolating (2.0) at jnx  , 7,6,4,2,0j and collocating the third 

derivative of (2.0) at grid points jnx  , 7,5,3,2,1j  which yield a system of interpolation and 

collocation equations. The resulting system of equations are solved using any suitable method via 

MAPLE 18 software in order to obtain the values of unknown 90,  iai . 

In sequel, a continuous scheme of the form 
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      (2.1) 

where ℎ is the step size and  

),,()()( iinniiin yxxwxhxz       (2.2) 

is the embedded weight function of Boole, Trapezoidal and Simpson 1/3 quadrature formulae 

obtained. 

Consequently, the continuous scheme of the form (2.1) is evaluated at points 531 ,,  nnn xxx , 8nx

and simplified in order to obtain the first four discrete schemes 
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 (2.3) 

Evaluating the first derivative of the continuous scheme of the form (2.1) at all the grid points, we 

obtain the next eight discrete schemes: 
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Similarly, evaluating the second derivative of the continuous scheme of the form (2.1) at all points 

leads to another set of eight discrete schemes: 
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(2.5) 

Evaluating the third derivative of the continuous scheme at 6nx , 8nx  and further simplification 

gives the remaining two schemes: 
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     (2.6) 

The derived block of twenty-four discrete schemes of (2.3), (2.4), (2.5) and (2.6) simultaneously 

solves third order linear integro-differential equation with the choices of Boole, Simpson 1/3 and 

Trapezoidal quadrature rules. 

3.0 Analysis of the Methods 

The basic behavioural properties of the methods are analyzed to establish the efficiency, reliability 

and validity of the method. These properties include order, error constant, consistence, stability 

and convergence. 

3.1 Order and Error constant of the main schemes and its derivatives 

Employing the Taylor series of the main scheme )(8 xyn of (2.3), its first and second derivatives 

)(8 xyn
  and )(8 xyn

  of (2.4) and (2.5) respectively by collecting the like terms in term of h ,we 

obtained the error constants as 
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                      (3.1) 

By extension, the block of twenty fours discrete schemes in (2.3), (2.4), (2.5) and (2.6) is found to 

be of uniform order 7 with a varying error constant. 

3.2 Consistency of the method 

Definition 1: A linear multistep method is consistent if the following conditions hold: 

(a) The order is greater than one, i.e. 1  

(b) 0
0




k

i

i  

(c) 0)1()1()1(   p  
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The main scheme )(8 xyn of (2.3) satisfies all the conditions in definition 1, hence the main scheme 

is consistent and by extension, other schemes are found to be consistent. 

3.3 Zero stability 

Definition 2: A linear multistep method is said to be zero stable if all the roots of characteristic 

polynomial )(r satisfying 1r are distinct, with the multiplicity of roots 1)( r not exceeding 

the order of the differential equations the method seeks to solve. Following this definition, the 

roots of the first characteristic polynomial 

0
94573
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359296 24678  rrrrr
  (3.2) 

associated with main scheme are: 

16I0.91080426+71.22860163 = r1

49I0.41874096+840.54155647- = r2

281-.05749510r3 

9I0.41874964-281-0.5749510r4 

1I0,91080426-71.22860163r5 

1r6 

17 r

18 r }
 
 
 
 
 
 

 
 
 
 
 
 

                                          (3.3) 

Hence, the method is zero stable. 

3.4 Region of Absolute Stability of the main scheme 

Using the function )()(),( rHrHr   .the region of absolute stability is sketched for 

)(

)(
)(

r

r
rH




 ,where ier  ,  20   and presented 
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Figure 1: Region of absolute stability of the main scheme 

3.5 Convergence 

According to [16] and [17], A numerical method is convergent if it is consistent and zero stable. 

Thus, the proposed method is convergent. 

4.0 Numerical Experiment  

The selected third order initial value problems of FIDE are solved to support our theoretical 

discussion on the derived method; the method is implemented with the choice of Boole, Simpson 

1/3 and Trapezoidal rules. The experiments are performed with the aid of MAPLE 18 software 

package. 

Problem 1 

Consider the linear FIDE 2)0(,1)0(,1)0(,)(6)(

1

0

  yyydttyxxxy  with exact 

solution  xxxxy 23)( 1 

Source: [1] 
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Table 1: Solution to problem 1 using the derived scheme with Boole, Simpson 1/3 and Trapezoidal 

formula for 8n , 125.0h  

Problem 2 

Consider the LFIDE 1)0(,0)0(,1)0(,)(sin)(
2

0

  yyydttyxtxxxy



 with exact solution 

xxy cos)(   

Source: [18] 

 

 

 

 

 

 

 

𝒙 𝒚(exact) Boole Simpson 1/3 Trapezoidal Error in 

Boole 

 Error in 

Simpson 

1/3 

Error in 

Trapezoidal 

0.125 -

0.888671875 

-

0.888671874 

-

0.888671875 

-

0.888671874 

1.5000E-

09 

1.3000E-

09 

1.3000E-09 

0.25 -

0.796875000 

-

0.796874992 

-

0.796874993 

-

0.796874993 

7.6000E-

09 

7.4000E-

09 

7.1000E-09 

0.375 -

0.712890625 

-

0.712890607 

-

0.712890607 

-

0.712890608 

1.8200E-

08 

1.8000E-

08 

1.7200E-08 

0.5 -

0.625000000 

-

0.624999967 

-

0.624999967 

-

0.624999968 

3.3200E-

08 

3.3200E-

08 

3.1700E-08 

0.625 -

0.521484375 

-

0.521484323 

-

0.521484323 

-

0.521484325 

5.2100E-

08 

5.2200E-

08 

5.0000E-08 

0.75 -

0.390625000 

-

0.390624926 

-

0.390624925 

-

0.390624929 

7.4400E-

08 

7.4700E-

08 

7.1500E-08 

0.875 -

0.220703125 

-

0.220703025 

-

0.220703024 

-

0.220703029 

1.0000E-

07 

1.0100E-

07 

9.6400E-08 

1 0.000000000 1.290838E-

07 

1.300515E-

07 

1.2457967-

07 

1.2908E-

07 

1.3005E-

07 

1.2458E-07 
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Table 2: Solution to problem 2 using the derived scheme embedded with Boole, Simpson 1/3 and 

Trapezoidal quadrature formula for 8n , 0.1963750h  

Problem 3 

Consider the LFIDE 1)0(,1)0()0(,)(cos2sin)(
2

0

  yyydttyxxxxxy



 with exact 

solution xxxy cossin)(   

Source: [19] 

 

 

 

 

 

 

 

𝒙 𝒚(exact) Boole Simpson 1/3 Trapezoidal Error in 

Boole 

 Error in 

Simpson 

1/3 

Error in 

Trapezoidal 

0.1963750 0.9807803133 0.9807803174 0.9807803161 0.9807804675 4.1000E-

09 

2.8000E-09 1.5420E-07 

0.3927500 0.9238600457 0.9238602303 0.9238602109 0.9238626325 1.8460E-

07 

1.6520E-07 2.5868E-06 

0.5891250 0.8314271768 0.8314282616 0.8314281636 0.8314404229 1.0848E-

06 

9.8680E-07 1.3246E-05 

0.7855000 0.7070347682 0.7070383794 0.7070380705 0.7070768158 3.6112E-

06 

3.3023E-06 4.2048E-05 

0.9818750 0.5554643860 0.5554734204 0.5554726672 0.5555672597 9.0344E-

06 

8.2812E-06 1.0287E-04 

1.1782500 0.3825423008 0.3825612884 0.3825597274 0.3827558740 1.8988E-

05 

1.7427E-05 2.1357E-04 

1.3746250 0.1949155292 0.1949509947 0.1949481037 0.1953114892 3.5466E-

05 

3.2575E-05 3.9596E-04 

1.5710000 -2.036732E-

04 

-1.428475E-

07 

-1.477782E-

04 

4.721408-04 6.0826E-

05 

5.5895E-05 6.7581E-04 
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Table 3: Solution to problem 3 using the derived scheme embedded  with Boole, Simpson 1/3 and 

Trapezoidal quadrature  formula for 8n , 0.392750h  

Problem 4 

Consider the LFIDE 1)0()0()0(,)(cos1)(

1

0

  yyydttyxeexy x  with exact solution 

xexy )(  

Source: [19] 

 

 

 

 

 

 

 

𝒙 𝒚(exact) Boole Simpson 1/3 Trapezoidal Error in 

Boole 

 Error in 

Simpson 

1/3 

Error in 

Trapezoidal 

0.392750 1.306590520 1.306576382 1.306576201 1.306592118 1.4138-05 1.4319E-05 1.5980E-06 

0.785500 1.414213555 1.414154670 1.414151749 1.414406438 5.8885E-

05 

6.1806E-05 1.9288E-04 

1.178250 1.306480279 1.306389398 1.306374585 1.307663957 9.0881E-

05 

1.0570E-04 1.1837E-02 

1.571000 0.999796306 0.999760293 0.999713439 1.003788500 3.6013E-
05 

8.2868E-05 3.9922E-03 

1.963750 0.540863443 0.541074168 0.540959729 0.550908622 2.1072E-

04 

9.6286E-05 1.0045E-02 

2.356500 -

0.000432056 

0.000351904 0.000114545 0.020744582 7.8396E-

04 

5.4660E-04 2.1177E-02 

2.749250 -

0.541661762 

 

-0.539814741 

 

-0.540254543 -0.502034838 1.8470E-

04 

1.4072E-03 3.9627E-02 

3.142000 -

1.000407263 

 

-0.996814172 -0.997564528 -0.932363383 3.5931E-

04 

2.8427E-03 6.8044E-02 
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Table 4: Solution to problem 4 using the derived scheme embedded with Boole, Simpson 1/3 and 

Trapezoidal quadrature formula for 8n , 0.125h  

Table 5: Maximum Absolute Error (MaxE) of the Derived method with different quadrature rule 

for Problems 1-4 with 8n  

Table 6: Maximum Absolute Error (MaxE) of the derived method with different quadrature rule 

for Experiment 1-4 with 32n  

5.0 Discussion and Conclusion 

𝒙 𝒚(exact) Boole Simpson 1/3 Trapezoidal Error in 

Boole 

 Error in 

Simpson 

1/3 

Error in 

Trapezoidal 

0.125 1.133148453 1.133148450 1.133148449 1.133149207 3.0000E-

09 

4.0000E-09 7.5400E-07 

0.250 1.284025417 1.284025398 1.284025402 1.284031465 1.9000E-

08 

1.5000E-08 6.0480E-06 

0.375 1.454991415 1.454991367 1.454991386 1.455011858 4.8000E-

08 

2.9000E-08 2.0443E-05 

0.500 1.648721271 1.648721181 1.648721229 1.648769771 9.0000E-

08 

4.2000E-08 4.8500E-05 

0.625 1.868245957 1.868245813 1.868245909 1.868340738 1.4400E-

07 

4.8000E-08 9.4781E-05 

0.750 2.117000017 2.116999807 2.116999973 2.117163868 2.1000E-

07 

4.4000E-08 1.6385E-04 

0.875 2.398875294 2.398875005 2.398875271 2.399135561 2.8900E-

07 

2.3000E-08 2.6027E-04 

1.000 2.718281828 2.718281442 2.718281845 2.718670414 3.8600E-

07 

1.7000E-08 3.8859E-04 

Quadrature 

Formula 

MaxE in Exp. 1 MaxE in Exp. 2 MaxE in Exp. 3 MaxE in Exp. 4 

Boole 1.2908E-07 6.0826E-05 7.8396E-04 3.8600E-07 

Trapezoidal 1.2458E-07 6.7581E-04 6.8044E-02 3.8859E-04 

Simpson 1/3 1.3005E-07 5.5895E-05 2.8427E-03 4.8000E-08 

Quadrature 

Formula 

MaxE in Exp. 1 MaxE in Exp. 2 MaxE in Exp. 3 MaxE in Exp. 4 

Boole 7.5784E-06 5.7806E-03 1.0615E-03 1.4104E-05 

Trapezoidal 7.3928E-06 1.0209E-04 5.2435E-03 1.4364E-05 

Simpson 1/3 1.4741E-03 6.3469E-05 1.0639E-03 4.2194E-05 
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In this paper, we derived an 8-step block linear multistep method for solving IVPs in LFIDE. The 

method was derived using Vieta-Pell-Lucas Polynomials as the Interpolant and the derived method 

is implemented with Boole, Simpson 1/3 and Trapezoidal quadrature rule. We examined the 

performance of the method in terms of accuracy and stability and compare them with exact 

solutions of the problems considered. The new method performed well in terms of accuracy and 

low error of deviation. The schemes were also compared with each other when embedded with 

each of the quadrature formula. For example: Table 1 reveals that the derived method when 

implemented with Trapezoidal rule  performed slightly better than when implemented with 

Simpson 1/3 rules  and Boole rules in example 1.  While Table 2-4 show that the derived method 

when implemented with Simpson 1/3 rule is relatively better than when implemented with the 

other two quadrature formulae. Table 5 & Table 6 further reveal the maximum absolute error in 

each of the problems as the number of partition increases from 8n  to 32n . 

The experimental results further reveal that the choice of quadrature formulae and the nature of 

the problems play vital roles in the level and quality of solution obtainable when  solving Linear 

Fredholm Integro differential equation of third order. Results also show higher rate of convergence 

of the computed solution with exact solution when we have lesser number of partitions. All 

numerical experiments were carried out with Maple 18 with a precision of 10 decimal places. 
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